Introduction.
A quite common method of solving numerically the Laplace differential equation dW dW H -=0 (1.1) dx2 dy2
with the boundary values of V prescribed on some contour T bounding a region R is to approximate V by the solution u of the Laplace difference equation:
4u(x, y) = u(x + h, y) + u(x -h, y) + u(x, y + h) + m(x, y -h).
( 1.2) Briefly, the method of procedure, commonly called the Liebmann procedure,1 is to cover the region R with a rectangular network of lines at distances h apart, and to assume values at the interior lattice points of this network. Using these assumed values and the known boundary values, we traverse the region R moving in some definite geometrical pattern from lattice point to lattice point, replacing the assumed values of u at each lattice point by the arithmetic average of the values of u at the four neighboring lattice points. We then repeat the traverse moving in the same pattern to obtain a second improved value of u at each lattice point; and so on until a convergent stage is reached when the values of u are no longer changed materially by continued traversing. The purpose of this paper is to present a process which yields precisely the convergent values of u obtained by infinitely many traverses of the region. In more precise language, if m* is the £th approximation of the value of u after k traverses, our process yields the value u =limi_" uk.
2. Notation and set up of the problem. Equation (1.2) can be transformed to 4u(x, y) = u{x, y + 1) + u(x, y -1) + u(x + 1, y) + u{x -1, y) (2.1) by a simple transformation, and we shall concern ourselves with the solution of equation (2.1), with the values of u prescribed on the boundary lines x = 0, x = n, y = 0, and y = m of the rectangle R.
Unless otherwise stated the numbers m and n are fixed positive integers, and i and j will be used as variable positive integers with the range of values i = 1, 2, • • • , n -1; j = 1, 2, • • • , m -1.
We shall denote the value of u at the point (i, j) by and we desire to distinguish the known prescribed values of u on the boundary (which values are precisely the same as those of V on the boundary) from the unknown values of u at the interior lattice points. Accordingly, we denote the prescribed values of u on the boundaries as follows:
by Uj (0) and 5,y (or 6,,y) is the Kronecker delta defined by da =1, if i = j; Sn =0, if i ^ j.
3. A special system of difference equations. We consider the solution of the system of equations
in which c and the (m -l)(w -1) constants ) are prescribed.2 We assume that m,(0) = Uj{n) = «o(i) = um{i) = 0, and seek the values of the (m -l)(n -1) unknowns M,(i)-The system (3.1) represents (m -1) difference equations in the (w -1) functions Uj(x), (j = 1, 2, • • • , m -1), whose values are desired for integral values of the argument x from 1 to (« -1). It can be readily shown that system (3.1) has a unique solution, and of course this solution can be written down by Cramer's Rule, but we shall give the solution in another form.
An immediate property of the operator Lc defined by (3.1) is given by
where a is any constant. We define the inverse operator Ljx and integral powers L* of the operator Lc in the usual manner. 2 We assume that at least one of the is different from zero; otherwise the system (3.1) has only the trivial solution n,(t) =0. [Vol. II, No. 2 The solution of system (3.1) will be given symbolically in terms of the inverse operator Lr1, and the interpretation of the symbolic solution will depend on the constants Dc(k) and \c,j\{i) defined below. To apply the solution obtained to the solution of the Laplace difference system (2.2), we have merely to observe that (2.2) is a special case of (3.1) in which c = 4 and has the value given in (2.3). Let <jc and pc be the roots of the characteristic equation c| -£* -i = 0. (3.5)
We define Dc(k) and ~Kc,k(i) by
The identities
and
with Dc{0) =0, Dc( 1) =1 are easily established. In terms of the operator LCI we may write (3.9) in the form LJ)c(i) = 0. (3.10)
Also if a is any constant, we have
We shall show that
To establish (3.12) we have three cases to consider:
1) When k^i -1, we have Dc{k) Lc\,k(i) = LcDc(n -i) = 0, by (3.10). Dc{n) 2) When k^i-\-1, we have
by (3.9), = Dc(n) /£>,(«) = 1, by (3.8).
Also useful is the relation^c 13) which is a consequence of (3.2) and (3.12). 4. The special cases m = 2 and m = 3. As an introduction to the symbolic solution,
we consider first the simplest case, m= 2, in which case there is only one equation in the system (3.1), since by hypothesis ua(,i) =um{i) =0. This equation is
Its solution is given by
We also write the solution of (4.1) in the symbolic form
where the expression on the right side of (4.3) is to be interpreted as being equal to the right side of (4.2). Explicitly,
To make actual use of the solution given in (4.2), it is necessary to have a table of values of the constants \c,k(i)• In order not to complicate unduly the notation, the dependence of these constants on n has been omitted from our notation. A complete tabulation of these constants would require a great deal of space, since, with m fixed, they still depend on four parameters c, k, i, and n. However, for the application to the solution of (2.2), we have c = 4, and abridged usable tables requiring only tabulations for -1 = 1,2 and varying k and n are given in Tables 1 and 2 of §9. The entries in Table 1 give the multipliers to be applied to each of the boundary values in the calculation of «x(l). As an example let us consider a 2 by 10 rectangle.
Multiply each boundary value of the first column by the multiplier which appears opposite it in the column n = 10; add these products, and the sum is the value of Wi(l). Likewise, by interchanging the arguments (n-i) and i, the same multipliers can be used to calculate «i(9). Next using Wi(l) and «i(9) as known boundary values and the 2 by 8 rectangle which has the points (1, 1) and (1, 9) on its ends, use the multipliers in column n = 8 to calculate wi(2) and wi(8); and so on.
The number of points at which the values of u are to be calculated by this process can be cut in half by using Table 2 . With the entries in this table, using again a 2 by 10 rectangle, the values «i(2) and «i(8) can be calculated using the multipliers in column n = 10; then in the 2 by 6 rectangle with points (2, 1) and (8, 1) as ends, and using multipliers in column n -6, calculate «i(4) and mi(6). The values Mi(l), tti(3), • • • , wi(7) can then be obtained by the Liebmann formula, each being the average of its four neighbors. For example, «i(5) = J[mi(4) + «i(6) + «o(5) + m2 (5)].
In the case m= 3, system (3.1) reduces to the following: 5) with two unknown functions u\ and w2. Treating the operators in (4.5) as algebraic multipliers, and solving for «i and «2, we obtain symbolically
The following interpretation of the operators in the right members of (4.6) produces actual solutions. Write the operators of the right members in their partial fraction expansions, obtaining
The last step in each line follows from (3.3). Consequently, the explicit solution of (4.5) is given by
To verify that (4.7) is the solution of (4.5), we use
which follow from (4.8) and (3.13). Consequently, 71-1 Tables 3 and 4 of §9 are useful in calculating values of «i(l) and mi(2) for the case ra = 3, again using c= 4 which is appropriate for the Laplace equation. These tables are used in a similar manner as Tables 1 and 2 . However, for each value of n, there are two numbers side by side, and also two boundary values in the first column. The interpretation is to multiply the left one of the two boundary values of each line by the left one of the two multipliers of the same line in the appropriate n column.
For a given n, calculate mi(1) using multipliers of Table 3 ; then interchanging the subscripts 1 and 2 and the subscripts 0 and 3, calculate u2(2) using multipliers of Table 4 . The value «2 (1) is then obtained by the Liebmann formula
As in the case m = 2, we can also calculate from the end x = n of the rectangle. 5. The general case. We now consider the general system (3.1) for any value of m, and show that its solution can be written symbolically in terms of the polynomial operators defined by
The operator Pk is a polynomial in Lc of the (k -l)st degree, which is precisely the same function of Lc as Dc (k) is of c. From this observation, the following analogue of (3.8) can be seen to be valid,
By solving the system (3.1) treating Lc as an algebraic multiplier, we obtain sym-
in which the operators of the right member are to be interpreted similarly to those of (4.6); that is they are to be expanded into partial fractions. Since each of the operator coefficients in the right member of (5.3) is a proper fraction, their expansions will
where ai, a2, • ■ • , 1 are the roots of Pm{£) =0 and the numbers bt(j, k) are uniquely determined. The actual solution of (3.1) is thus given in terms of the operators L~2ai which have the meaning given in (4.4).
That the foregoing actually yields the solution of (3.1) can be established by operating on each side of (5.3) with the operator Lc and using the relations (5.1) and (5.2).
6. Application to solutions of Laplace's equation. We have already observed that (2.2) is a special case of the system (3.1) in which c= 4 and <t>j(i) has the value given in (2.3). To apply the preceding results, it becomes necessary to calculate the coefficients of <f>k(i) in the solution of (3.1) for various values of m. The polynomial operators Pm must be factored, and the operators appearing in (5.3) must be written in the more useful form (5.4). [Vol. II, No. 2 We have already considered in detail the cases m = 2, m = 3 in §4. We now particularize the general solution of §5 to the case m = 4. 
The explicit form of the solution is given by n-1
where and
#s(£) = 5*,iWs(0) + 5i,"_iM3(w) + Ui(k).
(6.4) (6.5)
Multipliers for calculating ^(l), "2(2), and wi(2) are given in Tables 5, 6 , and 7. For a 4 by n rectangle, calculate w2(l) using Table 5 , «i(2) using Table 7 , m3(2) using Table 7 with subscripts 0 and 4 and subscripts 1 and 3 interchanged.
Then calculate wi(l), «,(1) by the Liebmann Formula. Then using known values «i(l), Ui{\) and treating them as known boundary values for the rectangle one unit shorter, calculate Ui(S) using Table 6 ; tiz(2) can then be obtained by use of the Liebmann Formula. Then calculate «i(4), W3(4) using Table 7 ; and so on. Of course, as in the case m = 2 and m= 3, we can also calculate from the end x = n of the rectangle. By this process the value at only every other point on each line is calculated by the use of the tabular values.
For values of m larger than 4, it is only convenient to use composite values of m. It can be easily shown that when m is composite having q for one factor then Pm contains Pq as a factor. However, for larger values of m, the necessary tables occupy more space and require a tremendous amount of time in their preparation. The system (7.3) is again a special case of system (3.1) in which the known function <j>)i(t) is now given by = 5f,i«,(0) + 5i,"_iM,(w) + S,M«o(i) + 5,\m-iMm(i) -h2Fj(i).
(7.4) Consequently, the general solution given in §5 applies at once. In the case m =2, for example, we have
To apply Tables 1 and 2 to obtain the values of «i(l) and «i(2), first calculate h^Fiik), k = l, 2, • ■ ■ , n -1, at each interior lattice point. Then apply to these values the same multipliers as are applied to u0(k) and u2(k). If Table 2 is used to calculate Mi(2), the value «i(l) can be obtained from the associated Liebmann equation
(7.6) For the case m=3, multiply h2Fi(k) and h2F2(k), respectively, by the same multipliers as are used for u0(k) and uz{k).
For the case m= 4, additional tables are required. The explicit solution in this case is formally the same as that given in (6.3), but <f>i(&), <j>2{k), and <t>3{li) have the following values:
The multipliers Qk(2) and Rk(2) appear in Table 7 and are respectively those multipliers applied to u0(k) and ut(k) in the calculation of mi(2). The multipliers Sa(1) appear in Table 5 and are those multipliers applied to both u0(k) and Ut(k) in the calculation of w2( 1). The multipliers Sk(2) are those multipliers in Table 6 which are applied to both uo(k) and w4(&) in the calculation of Ut(2).
The multipliers 7\( 1) and Tk{2) which must be applied to h2Fi(k) in the calculation of w2( 1) and m2(2) appear in Tables 8 and 9 To apply  Tables 5, 6 , and 7 in the solution of the Laplace equation for a rectangular boundary, divide the smaller dimension of the rectangle by 4 to obtain the lattice unit h. If the longer dimension of the rectangle is an integral multiple of h, the process here outlined for the solution applies directly. We call this the regular case. If the longer dimension is not an integral multiple of h, we call this the irregular case, and a modification of the process here outlined is required. We need an analogue of the Liebmann Formula to express the value of a harmonic function approximately in terms of the values of the function at four non-equidistant neighbors. Let H(x, y) be an arbitrary harmonic function whose value H0 at (xo, yo) is to be expressed approximately in terms of Hi, II?, //3, //4 which are the values of H(x, y) at the points (Xo+nh, y0), (x0 -r2h, y0), (*0, yo+r3h), Ot0, y<> -rji) where n, r2, r3, rt, and h are positive. When n = r2 = = r4 = 1, and H(x, y) is approximated by its T. S. (Taylor Series) expansion about (x0, y<s) up to terms including those of the third degree in h, Ho is found to satisfy the Liebmann equation F0 denotes F(x0, yo), and a\, at, a3, o4 are given by (8.3). The foregoing method applies equally well if the top and bottom boundaries of the figure are not straight. We postpone for a later paper the procedure which can be applied for non-rectangular boundaries in general. In this subsequent paper we shall also show the application of our methods to an extension of the Liebmann process in which the values at certain of the interior lattice points are calculated from the arithmetic average of the values at their four normal neighbors while the values at the other lattice points are calculated from the values at their four diagonal neighbors.
9. Tables. The entries in the following tables were rounded off to four decimal places from calculations carried out to a higher number of decimal places. In the tables, the decimal points are not printed but are to be understood to be present just before the first digit. In the compilation of these tables, the values of Dc(k), defined in (3.6), were required for the values c= 4, 3, 5, 4 -y/2, and 4 + \/2. These were calculated from the recurrence relation (3.9), and are integers only when c is an integer.
The values X4,i(l) andX4,^(2), defined in (3.7) are the entries in Tables 1 and 2 , respectively. The entries in Tables 3 and 4 are the values «*(») and for i = 1 and 2, respectively; these were calculated from X3,&(i) and X6,k(i) for i = 1 and 2 using the relations (4.8). The entries of Tables 5 to 9 were calculated from the relations (6.4).
As one convenient check on the accuracy of Tables 1 to 7, the sum of the multipliers used on all of the boundary values must be equal to unity; this check was applied. The author would be happy to know that no errors were made in the many calculations required in the preparation of these tables. «o(l) +*2^ (1) fio(2) +1*2 (2) «o (3) +><2 (3) «o (4)+«2 (4) «o(5) +1*2 (5) 1*0(6) +1*2 (6) i«o (7) (3) «o(4)+1*2(4) i*o(5)+1*2(5) i*o(6) +1*2(6) i*o(7) +1*2 (7) «o (8) 2953 0866
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